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Abstract 
To describe materials with more complex microstructure, generalization of the standard continuum theory is 
proposed. The key idea consists in dividing the studied body onto a set of small but finite cells. The state of the 
microstructure within each cell is described by an additional field that may be discontinuous or highly oscillating. 
Hence, non-trivial effects of microstructure can be involved in resulting material models. 
The theory is illustrated on a two-scale hyperelastic model of a material with prestress at the reference state. Non-
trivial character of the mechanical response caused by a collapse of micro-constituents motivates us to design an 
engineering material with similar properties.
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1. Introduction
An integral part of the research of materials is the development of suitable material models for
supporting computer simulations. These models are often formulated in the framework of the continuum 
description in which physical quantities and physical laws are expressed with continuous smooth 
functions and partial differential equations, respectively. Due to the discrete structure of matter, the notion 
of the so-called representative volume element (RVE) is introduced to consider the macroscopic body as a 
continuum. In the classical theory, it satisfies 
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Lla   ,  (1) 
where a is the characteristic size of microscopic inhomogeneities, l is the size of the volume element and 
L the characteristic size of the macroscopic problem. The condition (1) is fulfilled for a broad class of 
materials; however, it may fail when considering materials with more complex microstructure. Therefore, 
new approaches have been developed to generalize the classical continuum theory such as the 
microcontinuum approaches [1], the higher grade theories [2] or the so-called extended continuum 
approaches [3]. In spite of respecting the microstructure of the studied macroscopic body, these theories 
work with continuous smooth fields assuming nearly the same behaviour of microstructure within 
neighbouring RVEs. Therefore, they are incapable of describing a non-trivial behaviour at the micro-scale 
such as bifurcations in atomic positions, discontinuous changes in microscopic parameters, etc. 
In this work we present another approach generalizing the standard theory, the so-called grid extended 
continuum approach [4]. Unlike the other generalized theories, continuous smooth functions describe 
only the boundaries of an RVE while the state of the interior is described by functions that may be 
discontinuous or highly oscillating. Thus non-trivial effects of microstructure are involved in the 
continuum description of macroscopic body. 
In section 2, the grid extended continuum approach is introduced briefly. It is then applied in section 3 
for proposing a two-scale hyperelastic model of a material which microstructure is motivated by the 
arrangement of soft biological tissues. Important characteristics of the model such as the presence of 
prestress at the reference state and the non-affine behaviour of microstructure during a simple 
compression test are highlighted. 
2. Grid continuum description 
2.1. Kinematics 
A studied solid body at the reference configuration, :, is divided onto a large set of small but finite, 
disjunct cells, :i. Denoting with 6i the external boundary of an i-th cell, we define the grid as a union,  
 i0Σ . We suppose that the cells have nearly the same characteristic size l satisfying at least the 
weakened condition (1), namely 
 
Lla ~  .  (2) 
The relation a ~ L means that cells may contain only a few microscopic particles, the inequality l << L 
allows for introducing smooth functions at the macro-scale (l is identified with a length element dx).  
The important property of the division is that cells at distances much smaller than L have practically 
the same shape and orientation in space. It is then possible to identify an individual cell with a 
macroscopic material point labelled with a position vector X in the continuum limit. Varying smoothly at 
the scale of L, vectors X and X+dX refer to neighbouring cells which in fact form RVEs in the continuum 
limit. We denote :io :RVE(X), and  6io 6(X).  
Let us introduce the local coordinate system, }~{ ie , at the centroid of the cell :RVE(X). The 
microstructure within the cell is then described with the local position vector [~  representing micro-
coordinates of individual elements (e.g. molecules, inclusions). At the current configuration, the cell 
corresponding to a material point X  (denoted with :RVE(X), boundaries with 6(X)) is described by the 
position vector x(X,t) representing the deformation of the macroscopic body as in the standard approach. 
Microscopic elements within the cell are described with a position vector K~ , see Fig 1. 
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Fig. 1. A material continuum point X at the reference state is represented by a cell with the microstructure described with [~ . The 
actual state is given by the deformed boundary 6(X) of the cell. The inner configuration is described with K~ . 
The crucial assumption of the grid extended continuum approach consists in studying only such states 
in which the grid deforms smoothly at the scale of L. Introducing the macroscopically smooth 
deformation gradient in the classical sense, x F , the assumption is expressed as 
 
)(~     ),(~     ,~)(~ 0 XXX ΣΣ  K[[K F  .  (3) 
In other words, the standard deformation gradient of the continuum description determines the shape 
of RVE corresponding to the material point X. No such assumption is adopted for the interior of cells as it 
is illustrated in Fig 2. Described with )~(~ [K , the state of the inner microstructure represents an additional 
field connected with the material particle X.  
 
                                                              
Fig. 2. Displacement of the boundary and the interior of neighbouring cells (illustrated by arrows). 
2.2. Stress, balance laws, constitutive equations 
Stress tensors at the macro-scale are defined in the classical sense, no micro-stresses are introduced. 
For the application illustrated in this work, classical balance laws for bodies with no mass change are 
considered, the setting is purely isothermal and we focus on perfectly elastic solids with zero entropy 
production, the so-called hyperelastic material models. However, due to the additional field )~(~ [K , 
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describing the displacement of microstructure, an additional condition must be applied. Therefore, we 
solve the following minimization problem. For a given F(X) to find the function )~(~* [K  such that 
 
))~(~),(())~(~),(( * [K[K XX FF EE d  ,  (4) 
for all admissible functions )~(~ [K , )(~ 0 XRVEΩ[ . Here, E represents the deformation energy of the cell. 
It is a function of the current state of the boundary (given by F) and the inner microstructure (given by 
K~ ). In other words we assume that for a fixed boundary of the cell, the energy minimizing state of the 
inner microstructure is realized.  
Finally, it is possible to introduce the strain-energy function as 
 
))~(~),((1))(( * [KXX FF E
V
W   ,  (5) 
where V is the volume of the cell. Relationship (5) also couples possible non-trivial effects at the micro-
scale and the overall mechanical response. 
3. Tissue-like material model 
3.1. Definition of the model (bottom-up approach) 
The model is motivated by a smooth muscle tissue which microstructure is considered as a regular 
arrangement of muscle cells. The corresponding model is depicted in Fig 3. Each model cell is composed 
of an incompressible ball reinforced by linear springs (representing a living cell) surrounded by an 
extracellular matrix which elasticity is represented by other springs. Reference lengths of the inner 
springs, ci’s differ from their rest lengths, ci(0)’s to consider the prestress at the reference state. It is 
maintained by the constant volume of the inner ball, Vc, satisfying 
 
)0(
3
)0(
2
)0(
1321      , . cccVconstcccV cc z   .  (6) 
It is then possible to introduce a parameter quantifying the level of prestress at the reference state, 
 
3,2,1     , /c1 i
)0(   icP ii  .  (7) 
                               
Fig. 3. Macroscopic body of the model at the reference state, :0, and a magnified cell on which the microsctructure is defined. Two-
dimensional projection is depicted here for clarity. 
2570  J. Vychytil and M. Holecˇek / Procedia Engineering 10 (2011) 2566–2571
We consider only such deformation states characterized by a diagonal deformation gradient (the only 
non-zero components are Fii). We also assume that the inner ball keeps its ellipsoidal shape and that its 
deformation is realized in the principal spatial directions. The additional field describing the deformation 
of the microstructure within an individual cell is thus reduced to the three vectors, 
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where c1’, c2’, and c3’ are the sizes of the deformed ball. 
The strain-energy function of the model is determined according to (5). Although the elasticity of the 
microstructure is represented by linear elastic elements (linear springs), the resulting model is non-linear 
due to the incompressibility condition (6). The minimization problem (4) has no analytical solution in 
general and only an approximative formula can be found. It is 
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F  ,                                  (9) 
where Ai’s and Bi’s are material parameters, qi’s are bilinear functions, qi = qi(Fii,Pi). 
3.2. Macroscopic simulations 
Traction and compression tests are performed along the third spatial direction. The incompressibility 
and the transverse isotropy of the material is considered for simplicity (identical material parameters for 
the spatial directions i = 1,2). 
At first, consider a simple compression test with the material model with no prestress, i.e. Pi = 0. In 
Fig 4a, the resulting dependence of the energy W on the applied stretch is plotted for various values of 
parameter ki = Kic/KiE. Clearly, there is a global minimum at the point F33 = 1 corresponding to the 
reference state which coincides here with the natural state. However, for ki tending to zero, a new local 
minimum appears. It is caused by a “collapse” of the inner microstructure into a new energy profitable 
state during the compression. The material suddenly softens and submits to the applied load. Capturing of 
such non-affine behaviour of the microstructure is possible due to the grid extended continuum approach.  
 
      
Fig. 4. (a) The dependence of the energy W during a traction/compression test for ki tending to zero [5]; (b) The dependence of the 
stress-stretch characteristics on the prestress. 
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To demonstrate the influence of prestress, we consider a simple traction with a material which 
prestress at the reference state is quantified by the parameter P3. The result is depicted in Fig 4b. With the 
increasing prestress the material stiffens demonstrating the influence of the micro-parameter on the 
overall mechanical response. The estimated relationship between the stiffness of the material and the level 
of prestress is approximately linear, namely 
 
> @303 1)( PfYPY |  .  (10) 
4. Conclusions 
The grid extended continuum approach is an alternative way of including a non-affine behaviour of a 
microstructure into the continuum description of a macroscopic body. It consists in dividing the body 
onto a set of cells. Their boundaries, forming a sort of grid, are supposed to occupy states described by 
macroscopically smooth functions while no such assumption is adopted for their interiors. 
This approach is suitable for the development of models of materials with more complex 
microstructure as it is illustrated on the application example. Due to the applied approach, effect of a non-
trivial behaviour of the microstructure on the overall mechanical response is captured (softening of the 
material due to the collapse of the inner balls). From the engineering viewpoint such behaviour might 
have interesting applications in the industry. Hence, the development of such material models represents a 
motivation and a pattern for the designing of  materials with similar properties. 
Also, presented approach allows us to introduce prestress at the reference state of the model in a very 
transparent way. This pre-existing tension or compression is very common in technical practice, however, 
its representation in classical continuum models is not easy. In our model, the approximately linear 
dependence of stiffness on the level of prestress is demonstrated. Such behaviour is in qualitative 
agreement with observations for living cells and is confirmed by the so-called tensegrity models [6].  
Acknowledgements 
       This work has been supported by the grant project GAČR 106/09/0734 and by the research project 
MSM 4977751303. 
References 
[1] Eringen AC. Microcontinuum field theories. New York: Springer; 1999. 
[2] Sunyk R, Steinmann P. On higher gradients in continuum-atomistic modelling. Int J Sol Struct 2003;40:6877–96. 
[3] Arroyo M, Belytschko T. A finite deformation membrane based on inter-atomic potentials for the transverse mechanics of 
nanotubes. Mech Mat 2003;35:193–215. 
[4] Vychytil J. Grid extended continuum approach. PhD thesis, Pilsen: University of West Bohemia; 2009. 
[5] Holeček M, Moravec F. Hyperelastic model of a material which microstructure is formed by “balls and springs”. Int J Sol 
Struct 2006;43:7393–406. 
[6] Stamenović D, Wang N, Ingber DE. Tensegrity architecture and the mammalian cell cytoskeleton. In: Sih GC, editor. 
Multiscaling in molecular and continuum mechanics: interaction of time and size from macro to nano, Dordrecht: Springer; 2007, p. 
321–38. 
 
